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14. Regulatory liniowe o wyjściu ciągłym

Gr(s) Gob(s)✲ ✲

✻

✲ e(t) u(t)

REGULATOR OBIEKT

+ −
Rys. 41.

a) regulator typu P (proporcjonalny):

Gr(s) =
U(s)

E(s)
= kp, Gr(jω) = Gr(s)|s=jω = kp + j0, kp > 0

Q( )w

P( )w

kP

0

kP>0

(a)

Lm ( )r w

lg w

20 lg|k |P

kP>1
j wr( )

lg w

(b)Rys. 42.

Lm( )w

lgw

ob

j w( )

lgwDM2

-p

Dj1 Dj2

P

ob+Pob

P

ob+P

DM1

Rys. 43.

eu = lim
t→∞

e(t) = lim
s→0

sE(s) =
1

1 + kpkob
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kp → ∞ Gob(s)

G2(s)

✲ ✲

✛
✻

✲y0(t) y(t)

+ −

Rys. 44.

G(s) =
Y (s)

Y0(s)
=

kpGob(s)

1 + kpGob(s)G2(s)

lim
kp→∞

G(s) = lim
kp→∞

Gob(s)

1/kp +Gob(s)G2(s)
=

1

G2(s)
(45)

b) regulator typu I (całkujący):

Gr(s) =
U(s)

E(s)
=

1

Tis
, Gr(jω)=Gr(s)|s=jω=

1

jTiω
=0−j

1

Tiω

Lmr(ω) = −20 log(Ti)− 20 log(ω), ϕr(ω) = −π/2

h t( )

t
tg =1/a Ti

(a)

Q( )w

P( )w

wg 8

w 0g

(b)Rys. 45.

Lm( )w

lgw

ob

j w( )

lgw1/Ti

-p

Dj1

Dj2

I

ob+I

ob
I

ob+I

DM1

-p/2

DM2

Rys. 46.
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c) regulator typu PI (proporcjonalno-całkujący)

Gr(s)=
U(s)

E(s)
=kp

(

1+
1

Tis

)

⇒ u(t)=kp



e(t)+
1

Ti

t∫

0

e(τ)dτ



 (46)

h(t) = L−1

{

Gr(s)
1

s

}

= kp

(

1 +
t

Ti

)

1(t) (47)

h t( )

t
Ti

2kpkp

0

(a)

Q( )w

P( )w

wg 8

w 0g

0

kp

(b)Rys. 47.

Gr(jω) = kp

(

1+
1

jTiω

)

=kp

(

1−j
1

Tiω

)

⇒ ϕr(ω)=−arctg
1

Tiω

Lmr(jω) = 20 lg

(

kp

√

1+
1

T 2
i ω

2

)

≈







20 lg kp−20 lg(Tiω), ω < 1/Ti

20 lg kp, ω > 1/Ti

Lm ( )r w

lg wj wr( )

lg w

-20 dB/dek

1/Ti

20lgkp

-p/4

-p/2

1/Ti

Rys. 48.
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Lm( )w

lgw

ob

j w( )

lgw1/Ti DM2

-p

Dj1

Dj2

PI

ob+PI

ob

PI

ob+PI

DM1

-p/2

1/Ti

-p/4

Rys. 49.

d) regulator typu PD (proporcjonalno-różniczkujący)

∗ regulator typu PD idealny

Gr(s) =
U(s)

E(s)
= kp(1 + Tds) ⇒ u(t) = kp

(

e(t) + Td
de(t)

dt

)

(48)

h(t)=kp
(
1(t) + Tdδ(t)

)
, Gr(jω)=Gr(s)|s=jω=kp(1+jTdω)

h t( )

t

kp

0

d( )t

(a)

Q( )w

P( )w

wg 8

w=0
0 kp

(b)Rys. 50.
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∗ regulator typu PD rzeczywisty

Gr(s)=
U(s)

E(s)
=kp

(

1+
Tds

1 + Ts

)

⇒ h(t)=kp

(

1+
Td

T
e−

t
T

)

1(t) (49)

h t( )

t

kp

0

k T Tp d(1+ / )

T

(a)

Q( )w

P( )wwg 8w=0
0 kp k T Tp d(1+ / )

(b)Rys. 51.

Gr(jω) = kp

(

1 +
jTdω

1 + jTω

)

= kp
1 + j(T + Td)ω

1 + jTω

Lmr(ω) = 20 lg kp + 20 lg
√

1 + (T + Td)2ω2 − 20 lg
√
1 + T 2ω2 ≈

≈







20 lg kp, ω < 1/(T + Td)

20 lg kp + 20 lg
(
(T + Td)ω

)
, 1/(T + Td) 6 ω < 1/T

20 lg kp + 20 lg
(
(T + Td)ω

)
− 20 lg(Tω)

︸ ︷︷ ︸

=20 lg
(
kp(T+Td)/T

)
=20 lg

(
kp(1+Td/T )

)

, ω > 1/T

ϕr(ω) = arctg
(
(T + Td)ω

)
− arctg(Tω), ωmax =

1
√

T (T + Td)

Lm ( )r w

lg w

j wr( )

lg w

20 dB/dek

1/( +T Td)

20lgkp

p/2

1/T

20lg (1+ / )k T Tp d

1/( +T Td) 1/Twmax

Rys. 52.
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1

sTi

(1 + Tds) =
Td

Ti

(

1 +
1

Tds

)

Lm( )w

lgw

ob

j w( )

lgw

1/T

-p

PD

ob+PD

ob

PD

ob+PD

-p/2

1/( + )T T
d

p/2

wmax

DM2

DM1

Dj1
Dj2

Rys. 53.

e) regulator typu PID (proporcjonalno-całkująco-różniczkujący)

∗ regulator typu PID idealny

Gr(s) =
U(s)

E(s)
= kp

(

1 +
1

Tis
+ Tds

)

(50)

u(t) = kp



e(t) +
1

Ti

t∫

0

e(τ)dτ + Td
de(t)

dt





h(t) = L−1

{

Gr(s)
1

s

}

= kp

(

1 +
t

Ti

+ Tdδ(t)

)

1(t) (51)

h t( )

t
Ti

2kpkp

0

Rys. 54.
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Gr(jω) = kp

(

1 +
1

jTiω
+ jTdω

)

= kp

[

1 + j

(

Tdω − 1

Tiω

)]

Q( )w

P( )w

wg 8

w 0g

0

kp

wx

Rys. 55. ωx = 1/
√
TiTd

Lmr(ω) = 20 lg kp + 20 lg

√

1 +

(

Tdω − 1

Tiω

)2

= {zał. Ti > Td} ≈

≈







20 lg kp − 20 lg(Tiω), ω < 1/Ti

20 lg kp, 1/Ti 6 ω < 1/Td

20 lg kp + 20 lg(Tdω), ω > 1/Td

ϕr(ω) = arctg

(

Tdω − 1

Tiω

)

Lm ( )r w

lg w

j wr( )

lg w

1/Ti

20lgkp

-p/2

1/Td

20 dB/dek

-20 dB/dek

p/2

wx

Rys. 56. zał. Ti > Td
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∗ regulator typu PID rzeczywisty

Gr(s)=kp

(

1+
1

Tis
+

Tds

1 + Ts

)

⇒ h(t) = kp

(

1 +
t

Ti

+
Td

T
e−t/T

)

1(t)

(52)

h t( )

t
Ti

2kpkp

0

k T Tp d(1+ / )

(a)

Q( )w

P( )wwg 8

0

kp

k T Tp d(1+ / )

w 0g

(b)Rys. 57.

Lm ( )r w

lg w

j wr( )

lg w

1/Ti

20lgkp

-p/2

1/Td

-20 dB/dek

p/2

wy

20 dB/dek

20lg (1+ / )k T Tp d

1/T

Rys. 58. zał. Ti > Td > T, ωy=
1

√

TiTd − T 2
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Politechnika Poznańska, Instytut Automatyki i Robotyki Wykłady 5,6, str. 9✬

✫

✩

✪

Lm( )w

lgw

ob

j w( )

lgw

1/T

-p

PID

ob+PID

ob
PID

ob+PID

-p/2

1/T
i

p/2

DM2DM1

Dj1 Dj2

1/T
d

Rys. 59.

Własności regulatorów ciągłych

odpowiedź czas przeregu- czas uchyb
układu narastania lowanie ustalania ustalony

zamkniętego tr Mp, κ ts eu

kp ր ց ր ≈ const ց
Ti ր ր ց ց → 0

Td ր ≈ const ց ց ≈ const

h t( )

0

k

t

0,5k

Mp

td tr tp ts

0,02
lub 0,05

k
k

Rys. 60.
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15. Całkowe wskaźniki jakości

Wskaźnik ISE (ang. integral of the squared error):

I2 =

T∫

0

e2(t) dt (53)

Wskaźnik IAE (ang. integral of the absolute magnitude of the error):

Ia =

T∫

0

|e(t)| dt (54)

y t0( )

y t( )

e t( )

|e t( )|

S|e t dt( )|

Rys. 61.
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Wskaźnik ITAE (ang. integral of time multiplied by the absolute

magnitude of the error):

Ita =

T∫

0

t|e(t)| dt (55)

Wskaźnik ITSE (ang. integral of time multiplied by the squared error):

It2 =

T∫

0

te2(t) dt (56)

Przykład
Go(s)

Y0(s) E(s) Y (s)
✲

✻

✲
+ −

Rys. 62.

Go(s) =
1

s(s+ 2ζ)
⇒ G(s) =

Go(s)

1 +Go(s)
=

1

s2 + 2ζs + 1

ωn = 1, k = 1

Rys. 63.
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16. Korekcja dynamiczna układów liniowych

a) korekcja szeregowa

✲ ✲e(t)
Gk(s) ✲u(t) ❄

z(t)

✲Gob(s)

✻+ − +

+

Rys. 64.

Go(s) = Gk(s)Gob(s), Gk(s) = k
1 + T2s

1 + T1s
(57)

T1 > T2 – k. opóźniający fazę, T1 < T2 – k. przyspieszający fazę

korektor opóźniający fazę

e t( ) u t( )
R1

R2

C

(a)

h tk( )

t

k

0

k a/

(b)Rys. 65.

Gk(s) =
U(s)

E(s)
=

R1 +
1
sC

R2 + (R1 +
1
sC
)
=

1 +R1Cs

1 + (R1 + R2)Cs
= (58)

= k
1 + T2s

1 + T1s
= k

1 + Ts

1 + aTs
, a > 1

k = 1, T1 = (R1+R2)C, T2 = R1C, T = T2, a =
R1 +R2

R1

hk(t) = L−1

{
Gk(s)

s

}

=L−1

{
k(1 + Ts)

(1 + aTs)s

}

=
k

aT
L−1

{
1 + Ts

( 1
aT

+ s)s

}

=

=
k

aT

(
1 + T (− 1

aT
)

− 1
aT

e−
t

aT +
1
1
aT

)

1(t) = k

(

1− a− 1

a
e−

t
aT

)

1(t)
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Gk(s) = k
1 + Ts

1 + aTs
, a > 1 → Gk(jω) = k

1 + jωT

1 + jωaT

aT > T → 1/(aT ) < 1/T

Lmk(ω) = 20 log k + 20 log
√
1 + ω2T 2 − 20 log

√
1 + ω2a2T 2 ≈

≈







20 log k, ω < 1/(aT )

20 log k − 20 log(ωaT ), 1/(aT ) 6 ω < 1/T

20 log k + 20 log(ωT )− 20 log(ωaT )
︸ ︷︷ ︸

=20 log(k/a)

, ω > 1/T

ϕk(ω) = arctg(ωT )− arctg(ωaT )

dϕk(ω)

dω
=

T

1 + ω2T 2
− aT

1 + ω2a2T 2
=

T (1 + ω2a2T 2)− aT (1 + ω2T 2)

(1 + ω2T 2)(1 + ω2a2T 2)

1−a+ω2T 2(a2−a)=0 → 1−ω2T 2a=0 → ωmin =
1

T
√
a
=

1√
T1T2

ϕkmin = arctg
1√
a
− arctg

√
a

Q( )w P( )w

w=00

kk a/

w

jmin

wmin

(a)

Lm ( )k w

lg w

j wk( )

lg w
-20 dB/dek

1/(aT)

-p/2

1/T

20lg( / )k a

wmin

jkmin

20lgk

p/2

p/4

-p/4

1/(aT)

1/T

(b)Rys. 66.
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korektor przyspieszający fazę

e t( ) u t( )R1

R2

C

Rys. 67.

Gk(s) =
U(s)

E(s)
= k

1 + T2s

1 + T1s
=

1

a

1 + aTs

1 + Ts
, a > 1 (59)

T1 =
CR1R2

R1 +R2

, T2 = R2C, k =
R1

R1 +R2

, T = T2, a =
1

k

h tk( )

t

k

0

ka

(a)

Q( )w

P( )wwg 8

wmax

0 k ka

w

jmax

(b)

Rys. 68. ωmax =
1

T
√
a
=

1√
T1T2

a > 1 → aT > T → 1/(aT ) < 1/T

Lm ( )k w

lg w

j wk( )
lg w

20 dB/dek

1/(aT)

1/T

20lgk

jmax

20lg( )ka

1/T

p/2

wmax1/(aT)

Rys. 69.
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korektor przyspieszająco-opóźniający

e t( ) u t( )
R1

R2

C1

C2

Rys. 70.

Gk(s) = k
(1 + T2s)(1 + T4s)

(1 + T1s)(1 + T3s)
= k

1 + aT1s

1 + T1s

1 + T4s

1 + aT4s
, (60)

T2

T1

=
T3

T4

= a > 1, T3 > T4 > T2 > T1

h tk( )

t

k

0

(a)

Q( )w

P( )w

wg 80 k ka

w

w=0

(b)Rys. 71.

b) korekcja równoległa

✲

✲

Gk(s)

G1(s)

✻

❄
✲

+

+

Rys. 72.

G(s) = G1(s) +Gk(s)
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✲
❄

+

+

kk
s

Gob(s)✲ ✲

✻

✲y0(t)

e(t)

y(t)

+−
Rys. 73.

Go(s) =
Y (s)

E(s)
=

(

1 +
kk
s

)

Gob(s) =

(

1 +
1

Tks

)

Gob(s)

c) korekcja ze sprzężeniem zwrotnym

✲
y0(t)

✲
e(t)

Gr(s)✲
+

−
✲

❄

z(t)

± +
✲ Gob(s)

y(t)

✛Gk(s)
✻✻

+−

Rys. 74.

Gok(s) =
Y (s)

E(s)
=

Gr(s)Gob(s)

1∓Gk(s)Gr(s)Gob(s)

odp. skokowa układu otwartego ze sprzężeniem korekcyjnym:

hok(t) = L−1

{

Gok(s)
1

s

}

= L−1

{

Gr(s)Gob(s)
(
1∓Gk(s)Gr(s)Gob(s)

)
s

}

odp. skokowa układu otwartego bez sprzężenia korekcyjnego:

ho(t) = L−1

{

Go(s)
1

s

}

= L−1

{
Gr(s)Gob(s)

s

}

sprzężenie elastyczne ⇒ lim
t→∞

hok(t) = lim
t→∞

ho(t), tzn.

lim
s→0

s
Gr(s)Gob(s)

(
1∓Gk(s)Gr(s)Gob(s)

)
s
= lim

s→0
s
Gr(s)Gob(s)

s

lim
s→0

Gk(s)Gr(s)Gob(s) = 0
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Przykład (korektor szeregowy opóźniający fazę)

✲ ✲e(t)
Gk(s) ✲u(t)

Gob(s)

✻+ −
Rys. 75.

Gob(s) =
k

(T1s+ 1)(T2s+ 1)(T3s+ 1)
, Gk(s) =

1 + Ts

1 + aTs
, a > 1

k = 100, T1 = 0,2[s], T2 = 0,4[s], T3 = 2,5[s]

k=100; T1=0.2; T2=0.4; T3=2.5;

G_ob=tf(k,conv(conv([T1 1],[T2 1]),[T3 1]));

bode(G_ob); grid on

LTI (Linear Time-Invariant) Viewer:

ltiview(’bode’,G_ob)

−150

−100

−50

0

50

M
a

g
n

it
u

d
e

 (
d

B
)

−2 −1 0 1 2 3
−270

−180

−90

0

P
h

a
s
e

 (
d

e
g

)

Bode Diagram

Frequency  (rad/sec)

❄∆M < 0

ω−π = 3,92[rad/s]
Lmob(ω−π) = 12,6[dB]

|Gob(ω−π)| = 1012,6/20 = 4,27

Rys. 76.
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Rys. 77.

T ≫ 1/ω−π = 0,26[s], a > |Gob(ω−π)| = 4,27: T = 1[s], a = 10

T = 1; a = 10;

G_k = tf([T 1],[a*T 1]);

G_o = series(G_k,G_ob);

bode(G_o); grid on
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∆M > 0

ω−π = 2,97[rad/s]

Lmo(ω−π) = −2,21[dB]

ωp = 2,58[rad/s] ⇒ ∆ϕ = 7◦

Rys. 78. eu = 1/(1 + 100) ≈ 0,01
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